The evolution of the 4-variate probability distribution of the diameter at the breast height, total height, crown base height, and crown width against the age in a forest stand is of great interest to forest management and the evaluation of forest resources. This paper focuses on the Vasicek type 4-variate fixed effect stochastic differential equation (SDE) to quantify the dynamic of tree size components distribution against the age. The new derived 4-variate probability density function and its marginal univariate, bivariate, trivariate, and conditional univariate distributions are applied for the modeling of stand attributes such as the mean diameter, height, crown base height, crown width, volume, and slenderness. All parameters were estimated by the maximum likelihood procedure using a dataset of 1630 Scots pine trees (12 stands). The results were validated using a dataset of 699 Scots pine trees (five stands). A newly developed 4-variate simultaneous system of SDEs incorporated covariance structure driving changes in tree size components and improved predictions in one tree size component given the other tree size components in the system.
Introduction
In forestry literature, different mechanisms have been proposed to describe relationships between components of a tree size in a stand including the diameter at breast height (in the sequel-diameter), total height (in the sequel-height), crown base height, crown width, and age. Traditionally, linear or nonlinear regression relationships were used to relate response components and predictor components [1] . These relationships are useful for estimating the stem volume, crown volume, stand biomass, productivity, and much more. However, for the most part, relationships are deduced at a given tree age (static relationships) and are not sufficient to analyze the long-time evolution of tree size components [2] . Note that the linear or nonlinear regression relationships presented in previous studies provide information about the stem and crown dimensions that can be predicted at a given set of predictor variables; however, they do not relate stem and crown dynamics to the age dimension, and do not consider the underlying covariance structure driving changes in the tree diameter, height, crown base height, and crown width. Unfortunately, the problem of constructing age-diameter regression relationships defies a precise solution as the rate of the stem and crown size components is highly variable. There is another basic issue to keep in mind, in that the growth conditions in a stand regulate links between tree size components and their variations. It seems likely that mathematical techniques to explain covariances of observed tree size components, which arise due to randomness in growth conditions, could be formulated by a probability density function [3] .
The most popular static probability density functions used to model diameter distributions are those of the lognormal, gamma, beta, Johnson's SB, and Weibull functions (e.g., Reference [4] and references therein). Many forms of probability density functions for height distribution such as Weibull, gamma, normal and lognormal, and many more may be chosen [5] . The joint bivariate distribution of tree diameter and height are formulated by Johnson's SBB, Weibull, Logit-Logistic, or the copula approach (e.g., Reference [6] and references therein).
In the past decades, more and more detailed mathematical distributional models have been developed that faithfully use SDEs and describe the univariate and bivariate evolution of the structure of growth variables in ecology and finance as a more realistic alternative to the classical nonlinear regression models [7] [8] [9] . The Gompertz, Verhulst, Bertalanffy, and Maltussian type SDEs were used to model the total tree height over age [10] and diameter [11, 12] , to model the stem taper [13] , and to model tree crown width over diameter [14] . They found that the SDE models provided much more accurate predictions of individual tree height and crown width compared to nonlinear regression models. From a practical point of view of forest stand growth modeling, the SDE becomes of great significance as the underlying deterministic mechanisms linking tree size components and age are not fully known. Therefore, the functional relationships between the diameter, height, crown base height, crown width, and age could be mathematically formalized using a 4-variate stochastic process. This study focuses on a new modeling paradigm formulated as a system of 4-variate SDEs which relates basic tree size components (diameter, height, crown base height, and crown width) with the age of a tree.
The basic 4-variate SDE model for the diameter, height, crown base height, and crown width dynamic, where X(t) = (X 1 (t), X 2 (t), X 3 (t), X 4 
(t)) T = (D(t), H(t), CH(t), CW(t)) T , can be described by:
dX(t) = µ(X(t), θ)dt + b(X(t), θ)dW(t), P(X(t 0 ) = x 0 ) = 1 (1) where W(t), t ≥ t 0 represents standard 4-variate Brownian motion. Intuitively, in this work, the term dW(·) is interpreted as ecological and environmental noise. A parametric approach assumes that the drift µ(X(t), θ) (Gompertz, Verhulst, Bertalanffy, gamma, and Maltussian types are special cases of SDEs) and diffusion b(X(t), θ), representing the model of the covariance structure are known functions with the exception of an unknown fixed-effects parameter vector θ. For special cases of drift and diffusion terms, this SDE asserts that the solution is distributed according to a normal or lognormal distribution with a time dependent mean vector and covariance matrix. The idea is to compute the mean and variance trends for response variables (tree size components) at given predictor variables (tree size components) over time. A newly developed 4-variate SDE model would be superior to the regression models in accordance to the underlying dynamical covariance structure driving changes in the tree size components, and the link among conditional tree size components distribution and mean and variance trends of tree size components.
In the practical context, the fundamental goal of this study is to propose a 4-variate Vasicek type SDEs model, to formalize the corresponding results on statistical inference, and to fit it to a real Scots pine (Pinus Sylvestris L.) tree dataset (diameter, height, crown base height, crown width, and age). All results are implemented in the symbolic algebra system MAPLE.
Materials and Methods

Stochastic Differential Equation Model
One of the important problems in the modeling of a forest stand dynamic is the specification of the multidimensional stochastic process governing the behavior of underlying tree size components. This study supposes that at the age t, the underlying tree size components vector is a random process and denoted by X(t). In the sequel, the tree diameter, tree height, crown base height, and crown width as response variables, X(t) = (X 1 (t), X 2 (t), X 3 (t), X 4 (t)) T = (D(t), H(t), CH(t), CW(t)) T , are modeled by a system of 4-variate SDEs against the tree age. In an even-aged stand tree, the size components distribution shows some symmetry (tree size components distribution underlying the dataset tends to the normal distribution), as most trees cluster near the average size with decreasing frequencies at large and small sizes. The Vasicek type SDE is proposed due to its solutions with the normal shape transition probability density function. The Itô [15] system of the Vasicek type SDEs describing the dynamic of the 4-variate random process takes the following form:
T is a 4-variate Brownian motion ("white noise"); α i , β i , 1 ≤ i ≤ 4, σ i,j , 1 ≤ i, j ≤ 4 are fixed effect parameters to be estimated; α i , 1 ≤ i ≤ 4 represents asymptotic maximum tree size parameters; β i , 1 ≤ i, j ≤ 4 represents the speed of mean reversion at which the process tends to go around the value of α i , 1 ≤ i ≤ 4; σ i,j , 1 ≤ i, j ≤ 4 represents volatility parameters; the drift term A(x) is defined as:
and the diffusion term B is defined as: 
The Vasicek type system of the SDEs defined by Equation (2) verifies the conditions of the existence and the uniqueness theorem for SDEs [16] . Therefore, SDE (1) has a unique strong 4-variate solution of (X(t)|X(
T , which satisfies the initial condition P X(t 0 ) = x 0 = 1 and represents a diffusion process with a drift vector defined by Equation (3) and diffusion matrix defined by Equation (4) . Using the Itô formula [15] , SDE (1) can be converted into a well-studied Ornstein-Uhlenbeck process [17] by transformation Y(t) = e β i t X i (t), i = 1, ..., 4 T in the following form:
where we denote:
By integration we have:
The analytical expression of the process (X(t)|X(
; T] can be deduced in the following form:
Taking into account that the last term in Equation (6) has a 4-variate normal distribution, we can deduce that the conditional random vector (X(t)|X(
T has a 4-variate normal distribution of N 4 (µ(t); Σ(t)), with the mean vector µ(t) = (µ i (t), i = 1, ..., 4)
T defined by:
the variance-covariance matrix Σ(t):
and probability density function:
(10)
Marginal and Conditional Distributions
Allowing that the random vector (X(t)|X(
T has a 4-variate normal distribution of N 4 (µ(t); Σ(t)) defined by Equations (8)- (10) and refers to properties of multivariate normal distribution [18] , the marginal univariate distribution of
i,i (t) , and 1 ≤ i ≤ 4 with mean and variance functions given by the following forms and probability density function:
The marginal bivariate distribution of
the variance-covariance matrix Σ 22 (t) given by:
and the coefficient of correlation defined by:
The marginal trivariate distribution of
T and the variance-covariance matrix Σ 33 (t) defined by:
The conditional distribution of
, is a univariate normal
. Using Equations (18) and (19), the mean and variance can be computed in the following form:
where
. Using Equations (15) and (16), the mean and variance can be computed in the following form:
. Using Equations (15)- (17), the mean and variance can be computed in the following form:
In summary, Equations (21), (23), and (25) show us that the univariate conditional distributions of the ith tree size component (diameter, height, crown height, and crown width) exhibit an age dependent variance which is the same for each prior listed scenarios of predictor tree size components.
Maximum Likelihood Estimates
The SDE model defined by Equation (2) can be fitted to diameter (x 1 ), height (x 2 ), crown base height (x 3 ), and crown width (x 4 ) samples
at discrete times (ages)
(n i is the number of observed trees of the ith plot, i = 1, 2, ..., M) by the maximum likelihood procedure. The associated maximum likelihood function for the 4-variate fixed effect SDE model takes the following form:
and the maximum log-likelihood function is:
where the probability density function f (x 1 , x 2 , x 3 , x 4 , t|θ ) takes the form defined by Equation (10).
Data
This paper illustrates the new developed modeling technique by using a Scots pine (Pinus Sylvestris L.) tree dataset. All data were collected during 1979-2012 across the entire Lithuanian territory (latitude, 53 • 54 -56 • 27 N; longitude, 20 • 56 -26 • 51 E; altitude, 10-293 m). Mean temperatures vary from −16.4 • C in winter to +22 • C in summer. Precipitation is distributed throughout the year, although predominantly in summer, and the average is approximately 680 mm a year. At plot establishment, the following data were recorded for every sample tree: diameter over bark at 1.30 m; height; crown base height, which was measured as the height of the lowest live branch of a tree; crown width; and age. A total of 17 plots (2329 trees) of the Scots pine trees dataset were compiled at the Aleksandras Stulginskis university. The dataset was randomly divided into estimation and validation datasets. A random sample of 12 plots (1630 trees) was selected for model estimation, and the remaining dataset of five plots (699 trees) was used for model validation. The observed datasets of the diameter, height, crown base height, and crown width measurements are presented in Figure 1 . θ that maximizes the likelihood of getting the diameter, height, crown base height, and crown width datasets
Results and Discussion
Estimating Results
. The parameter estimators were calculated by maximization of the log-likelihood function defined by Equation (27) using the NLPSolve procedure in MAPLE [19] . The results of the parameter estimates are summarized in Table 1 . 
Marginal Bivariate Distributions
The newly developed 4-variate probability density function defined by Equation (10) is attractive for its multiplicity of cases such as the marginal univariate, bivariate, and trivariate, and conditional univariate, bivariate, and trivariate probability density functions of the tree size components and may be justified from an application perspective.
To demonstrate that the validation dataset of Scots pine trees do indeed follow the marginal bivariate estimated probability density function with the mean vector defined by Equation (15) and the covariance matrix defined by Equation (16), we will use simple graphical techniques. The estimates of parameters ∧ θ were calculated by the maximum likelihood procedure (see Table 1 ) using the estimation dataset (see Figure 1) . Figure 2 shows the estimated bivariate marginal probability density functions and their 95% confidence regions for all scenarios of tree size components. The bivariate analog of the confidence interval is given by an ellipsoid:
where vector µ 2 (t) and matrix Σ 22 (t) are defined by Equations (15) and (16), respectively,
is from the Chi-square distribution with two degrees of freedom. Specifically, if α = 0.05(χ 2 2 (0.05) = 5.99), Equation (28) provides the confidence region containing 95% of the probability mass of the marginal bivariate distribution. 
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Marginal Bivariate Distributions
To demonstrate that the validation dataset of Scots pine trees do indeed follow the marginal bivariate estimated probability density function with the mean vector defined by Equation (15) and the covariance matrix defined by Equation (16), we will use simple graphical techniques. The estimates of parameters ∧ θ were calculated by the maximum likelihood procedure (see Table 1 ) using the estimation dataset (see Figure 1) . Figure 2 shows the estimated bivariate marginal probability density functions and their 95% confidence regions for all scenarios of tree size components. The bivariate analog of the confidence interval is given by an ellipsoid: (15) and (16), respectively,
is from the Chi-square distribution with two degrees of freedom.
Specifically, if
), Equation (28) provides the confidence region containing 95% of the probability mass of the marginal bivariate distribution. 
Coefficient of Correlation
The estimated correlation functions (ECFs) for all scenarios of marginal bivariate distributions are presented in Figure 3 . The ECFs play a major role in modeling the dependence among tree size components. It appears from Figure 3 that the highest ECF provided tree height and crown base height, and the lowest ECF provided tree crown base height and crown width. 
Diameter, Height, Crown Base Height and Crown Width Dynamical Models
The evolution of the diameter, height, crown base height, and crown width can be formulated using the marginal univariate probability density function defined by Equations (13) and (14) or the conditional univariate probability density function defined by Equations (20)-(25). The modeling of the diameter, height, crown base height, and crown width was divided into four scenarios:
• in the first scenario, a tree size component was linked to tree age (one model, marginal univariate densities are defined by Equations (13) and (14)); • in the second scenario, a tree size component was linked to tree age and one size component (three models, conditional univariate densities are defined by Equations (24) and (25)); • in the third scenario, a tree size component was linked to tree age and two size components (three models, conditional univariate densities are defined by Equations (22) and (23)); • in the fourth scenario, a tree size component was linked to tree age and three size components (one model, conditional univariate densities are defined by Equations (20) and (21)).
The results concerning the fitting and validating of all the diameter, height, crown base height and crown width dynamical models defined by marginal univariate and conditional univariate probability density functions are presented in Table 2 . Figure 3 . Coefficient of correlation among tree size components: between diameter and height-solid line; between diameter and crown base height-dotted line; between diameter and crown width dash line; between height and crown base height-dashdot; between height and crown width-longdash; between crown base height and crown width-spacedash.
The results concerning the fitting and validating of all the diameter, height, crown base height and crown width dynamical models defined by marginal univariate and conditional univariate probability density functions are presented in Table 2 . 
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. Table 2 shows the predictive ability for all newly developed fixed effect parameters diameter, height, crown base height, and crown width growth models for both estimation and validation datasets using the estimates of parameters ∧ θ presented in Table 1 . The models of tree size component evolution show similar statistical indexes for both estimation and validation datasets. The relative importance of the tree size components as predictor variables in all models can be viewed from a goodness of fit standpoint in Table 2 . Table 2 shows that the three component scenario models are the largest contribution models. The statistical indexes presented in Table 2 show a low prediction ability for the first scenario models. In the modeling of the tree diameter, the largest contribution arises from the tree height (the second scenario) and from the tree height and crown width (the third scenario). In the modeling of the tree height, the largest contribution arises from the tree diameter (the second scenario) and from the tree diameter and crown base height (the third scenario). In the modeling of the tree crown base height, the largest contribution arises from the tree height (the second scenario) and from the tree height and crown width (the third scenario). In the modeling of the tree crown width, the largest contribution arises from the tree diameter (the second scenario) and from the tree diameter and crown base height (the third scenario).
Slenderness
The slenderness coefficient is an important characteristic for indexing tree resistance to wind throw and snow damage [20] . The evolution of the tree crown structure is affected by random processes that govern crown movements [21] . In this study, the evolution of the slenderness ratio of the stem and crown, and the crown ratio-competition index, using marginal bivariate and trivariate densities (see Equations (15), (16), (18) , and (19)), can be defined as:
(31) Figure 4 shows the evolution of the mean slenderness for the tree stem and crown, and the crown ratio-competition index. The slenderness of the tree stem decreases with increasing stand age. The slenderness of the tree crown increases in juveline stands until 35 years and beyond that shows a slight tendency to decrease. Crown ratio is a useful indicator of tree vigour, wood quality, stand density, and competition [22] . The crown ratio decreases as the age increases for mature stands. slight tendency to decrease. Crown ratio is a useful indicator of tree vigour, wood quality, stand density, and competition [22] . The crown ratio decreases as the age increases for mature stands. 
Mean and Standard Deviation of Stem Volume
The most commonly used mathematical tasks in forestry are quantifying approaches for modeling forest stand dynamics, growth, and yield such as mean tree diameter, height, and stem volume. By using the marginal bivariate probability density functions defined by Equations (15) and (16) , the evolution of the mean stem volume and its standard deviation can be defined as, respectively:
where 2  1  12  22  11  2  1  2  1  2  1  2  2  1  2   ,  ,  ,  ,  , 
In this study,
is the individual stem volume regression function of a power form, The estimated evolution of the mean stem volume and its standard deviation is shown in Figure  5 with an observed dataset of stem volumes. The observed stem volumes for all trees from the validation dataset were calculated using the power form regression equation 
The most commonly used mathematical tasks in forestry are quantifying approaches for modeling forest stand dynamics, growth, and yield such as mean tree diameter, height, and stem volume. By using the marginal bivariate probability density functions defined by Equations (15) and (16), the evolution of the mean stem volume and its standard deviation can be defined as, respectively:
In this study, V(x 1 , x 2 ) is the individual stem volume regression function of a power form, [23] . The estimated evolution of the mean stem volume and its standard deviation is shown in Figure 5 with an observed dataset of stem volumes. The observed stem volumes for all trees from the validation dataset were calculated using the power form regression equation V(x 1 , x 2 ). 
Conclusions
An examination of all newly developed models showed that: in the modeling of the tree diameter, the largest contribution arises from the tree height (one predictor) and from the tree height and crown width (two predictors); in the modeling of the tree height, the largest contribution arises from the tree diameter (one predictor) and from the tree diameter and crown base height (two predictors); in the modeling of the tree crown base height, the largest contribution arises from the tree height (one predictor) and from the tree height and crown width (two predictors); and in the modeling of the tree crown width, the largest contribution arises from the tree diameter (one predictor) and from the tree diameter and crown base height (two predictors).
On the basis of our new developed 4-variate normal distribution, and its marginal trivariate, bivariate, univariate, and conditional univariate distributions, this study provides multiple scientifically reasonable models for the mean and standard deviation dynamics of tree size components and stand attributes, such as the mean stem volume, coefficients of slenderness, and correlation.
In reality, most forest statisticians are focused on the modeling of one single tree size component, and are thus working with one single tree size component trajectory. The models analyzed here in a single response variable scenario could be extended in a number of interesting ways. We considered conditional univariate random variables defined by a tree size component conditioned to give values of other predictor variables that were univariate normally distributed, but these models can be formulated with responses such as those which are bivariate or trivariate. It is obvious that without knowing the underlying covariance structure driving changes in tree size components via age, we cannot appropriately identify predictor variables.
In order to account for stand-to-stand variability in the datasets (see Figures 1, 4 , and 5), using a fixed effect modeling technique could be extended to mixed effect models. 
In order to account for stand-to-stand variability in the datasets (see Figures 1, 4 and 5), using a fixed effect modeling technique could be extended to mixed effect models.
